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Abstract

We obtain nonhomogeneous dynamic boundary conditions as a singular limit of
a parabolic problems with null flux and potentials and reactions terms concentrat-
ing at the boundary.
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1 Introduction.

Let Q be an open bounded smooth set in IRY with a C? boundary I' = 9. Define the
strip of width ¢ and base I' as

w. ={x—oii(x), z €I, c€[0,¢)}

for sufficiently small e, say 0 < ¢ < gy, where 7i(z) denotes the outward normal vector.
We note that the set w, is a neighborhood of I in €, that collapses to the boundary when
the parameter € goes to zero.

Then we consider the following family of parabolic problems

X 0§ — Auf 4+ f + 12X, Vi(a)wr =f+1X,. 9. inQ

Wt =0 on I’ (1.1)
us(0,2) = ug(x) in )

*Partially suppported by Projects MTM2009-07540, GR58/08 Grupo 920894 BSCH-UCM, Grupo de
Investigacion CADEDIF and FIS2009-12964-C05-03, SPAIN.



Figure 1: The set w.

where X, is the characteristic function of the set w,.

As w, shrinks to the boundary as ¢ — 0, the goal in this work is to show that dynamic
boundary conditions can be obtained as a result of this limiting process. More precisely,
the main result in this work is to prove that the family of solutions, u®, converges in some
sense, when the parameter € goes to zero, to a limit function «°, which is given by the
solution of the following parabolic problem with dynamic boundary conditions

—Aul + X’ = f in 2
W)+ 20 L V() =g on I’ (1.2)
u?(0,2) =wvg(r) onT

where vg, V' and ¢ are obtained as the limits of the concentrating terms

1 1 1
_stu(e] — Vo, _Xwg‘/s - V: _stge — g (13)
3 g 3

in some sense that we make precise below. In particular, we will obtain that the time
derivative of the solution concentrates to the time derivative of the restriction to the
boundary, as ¢ — 0.

Note that ([ILT]) is formally equivalent to solving

—Aut+ X = f in 2\ @,
%uf—Au€+)\u€+%V€u€ :f+%g€ in w,
%15 =0 on I'
us(0,2) =ug(x) in Q2

(1.4)

and that in (L) boundary conditions are missing on I'. = dw. \ I' = 9(2 \ @.). Since
there would be several ways of connecting the solutions of the elliptic and the parabolic



equations in ([C4) along that boundary, we consider the boundary conditions on I'. that
ensure maximal smoothness of solutions. This is achieved by imposing the classical trans-
missions conditions on I';, that is, no jump of the u® and its normal derivate across I,
see [,

R (15)

Hence, (Ll) and (C3) is a formulation of an elliptic—parabolic transmission problem, see
[5], Chapter 1, Section 9, for related problems. The well posedness of ([Tl), in the sense
of (L)), (CH), will be addressed in Section ZT] following the techniques in [7].

On the other hand, ([CJ) must be understood as an evolution problem on the boundary
I', such that, for each time ¢ > 0, the solution must be lifted to the interior of 2 by means
of the elliptic equation in (CZ). In this way the term %—’jf becomes a linear nonlocal
operator for functions defined on I'. The well posedness of ([C2) will be discussed in
Section 22 following the techniques in [6].

As for (C3)) the starting point are the results in [2] which state that if we consider a
family of functions in 2 such that for some p > 1

1
_ / | h€|P < C

€ Juwe

then, taking subsequences if necessary, one can assume that there exists ho € LP(T") such
that for any smooth function ¢, defined in €2, we have

lim1 hep = / hoep.
e—=0¢ Jo, r

In other words, the results above indicate that concentrating integrals near the bound-
ary behave as boundary integrals and the concentrating functions behave as traces. Sev-
eral results of this type for functions that also depend on time, will be obtained in Section
These results will be used then in Section Bl when proving that actually solutions of
(1) converge to solutions of (L2); see Proposition and Theorem which are the
two main results concerning convergence of solutions. It is worth noting that for the linear
potentials V. we will require the uniform integrability condition above for p = p > N — 1.
In fact, for e > 0 fixed, only p > N/2 is required for the elliptic part of the equation to be
well defined. However for dealing with that family of problems, uniformly in €, we need
p > N —1, since in the limit the interior potential behaves as a boundary potential which
requires this sort of integrability. Indeed for part of the stronger convergence result in
Theorem B8 we will actually require p > 2(N — 1).

Finally, note that we will require A > Ay for some \g > 0 independent of €. This will
be necessary for the elliptic operators in ([LT) and (L2) to be uniformly coercive in €; see
Lemma B This is due to the fact that the singular perturbation in (ILTJ) affects the time
derivative of the unknown. In fact, if we replace in () the term X, uf by ug, that is,
no concentration of the time derivative, then the usual change of variable v(t) = e*u(t),
with a suitable a € IR, would allow to handle the problem for any A\ € IR. In this case this
change of variables does not give the same result as the extra linear term introduced in



the equation is concentrated near the boundary and then can not give uniform coercitivity
uniformly in €.

Note that related problems have been considered before. As mentioned above, [2]
considered linear elliptic problems with concentrating terms near the boundary. Also []
considered nonlinear parabolic problems with linear and nonlinear terms concentrating
near the boundary and analyzed the proximity of the long time behavior of solutions by
studying the proximity of the the corresponding global attractors. In both [4] and in this
paper the results in [2] provide some of the building blocks of the analysis. Note however
that the case considered here is more singular than the ones in the references quoted
above, because the singular limit affects the time derivative of the solution.

As noted in [2], in the context of elliptic problems, the convergence results obtained
below, despite its intrinsic mathematical interest, have potential applications in developing
approximation schemes for (LZ). Numerical solutions of (Tl) can be obtained by suitable
spectral or finite element methods. In both cases the setting gets rid of the zero flux
condition. In fact, (1)) has a natural and simple variational formulation not involving
surface integrals or traces in I'. On the other hand, solving ([LZ) requires to use suitable
sets of functions defined on the boundary, whose trace evolves according to the second
equation in ([C2Z). This approach becomes more subtle if the boundary of the domain is
not smooth enough.

2 On the well posedness of the approximating and
limit problems

In this section we describe the well posedness results for (L) and (CZ). For this we will
make use of minor variations of the results in [6l [7].

Here and below H*?({2) denote the Bessel potentials spaces which, for integer s, co-
incide with the usual Sobolev spaces; see [1]. In particular, for ¢ = 2 these spaces will be
simply denoted as H*(2). Also, note that for s > 0 we denote

H™>9(Q) = (H*(Q))"

In particular,when ¢ = 2 we have the nonstandard notation H'(Q2) = (H'(Q)). The
same applies for spaces of traces. For example H~'/2(T") will denote the dual space of
HY2(T).

Also, we will consider below traces on I' of functions defined in 2. Hence, we will
denote either by v(u) or by wr the trace of a function u.

2.1 Well possedness of (.4

Note that in [7] it was considered a very similar problem to (L. In fact in [7] Dirichlet
boundary conditions were assumed on I' instead as Neumann ones as in this paper. Also
it was assumed V. = 0. Therefore, we explain below how to modify the arguments in [7]
to apply them to ([L4]). See Theorem 1.1, Theorem 4.9 and Proposition 4.10 in [7].
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Hence, we consider ([Ll). Since € > 0 is fixed, and in order to simplify the notations,
we do not make explicit the dependence on €.
We denote by H~!(Q) the dual space of H!(Q2) and then

HY(Q) C L*(Q) ¢ H(Q).

Also, we define the bilinear symmetric form in H!(Q)

ale.0) = [ VeVo+ [ Voo a [ o (21)

for every ¢,¢ € H'(Q2). This bilinear form is coercive (and hence an equivalent scalar
product in H'(Q)) if \ is sufficiently large, provided

VelL(w), p>Nj2 (2.2)

In such a case, the bilinear form defines an isomorphism, L, between H'(2) and its dual
H~(Q) such that for every ¢, ¢ € H'(Q)

(Le)6) = [ VeVo+ [ Veo+ [ vo
) Q w Q
Note that if f € H~Y(), the solution v € H'(Q) of L(u) = f is a weak solution of

{ —Au+ X Vu+ u =f inQ
ou

on =0 onl .

If f € L*() then u € H*(Q) and 2* = 0 actually holds on the boundary.
We also identify L?(w) with its dual and consider the bilinear form restricted to H*(w),
and the corresponding isomorphism L,, between H'(w) and H~!(w).

Definition 2.1 i) The set Z(Q\ ©) is the orthogonal set to H}(Q\ @) in H' () with
respect to the scalar product (Z1). That is, v € Z(Q\ @) iff u € H(Q) and

(L(w).0) | = /QVqu> + A/Qw —0

for every ¢ € HY(Q\ @), i.e. L(u)|H3(Q\u—}) = 0. In particular —Au 4+ Au = 0 in the sense
of distributions in Q0 \ @.

ii) Denote T, = 0w \ T = 9(Q\ @). Then for a given function v € H'(w), we define the
“Z(Q\ @) lifting” of u to Q\ @, v=Z(u) € HY(Q\ ©), as the solution of

—Av+XIv =0 inQ\w
v =u onl,

i the sense that

/Q\wwvasmfmwwzo
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for every ¢ € HY(Q\ ©) and v satisfies the boundary data on T,.
We also define
Z(u) inQ\w

U mw .

mw:{

Therefore, B(u) € Z(Q\ @) and defines a linear mapping between H'(w) and H(Q).
iii) For functions defined on Q we define the “restriction” operator to w by R(u) = X, u.

Then we have the following result, which is similar to Proposition 3.2 in [1].

Proposition 2.2 i) We have the orthogonal decomposition H'(Q) = Z(Q\@) @ Hj (Q\»)
and eachu € HY(Q) can be split accordingly asu = ui+uy where u; = B(R(u)) € Z(Q\),
uy =u — B(R(u)) € H}(Q\ ).

Moreover, B : H'(w) — Z(Q\ ©) is an isomorphism, whose inverse is given by the
operator R.
ii) Acting by restriction, we have the decomposition H™*(Q) = H~ (w) @ Hy ' (Q\ @).
ii1) The operators

Low = L [m@w): Hy(Q\©) — Hy'(Q\ @)
and
A=LB: H(w)— H W)

are isomorphisms.

Therefore, given h € H-Y(Q), then u € HY(Q) satisfies L(u) = h iff u = u; + up =
B(R(u)) + ug, as in i), with

R(u) = A"Y(h1),  us = D(hy)

where D := L@{w and h = hy + hy as in ).
The isomorphism A = LB : HY(w) — H~Y(w) is given by

4
):

A:LB:gﬁ(E;

in the sense that for every u,v € H'(w) one has

<A(u),v>u_)1’1 = /quVv +/quv + )\/wuv ~ 8575?) Z() =

:Lvmwvmm+ﬁvmm3w+ALBwa)

where n, denotes the outward unit normal to w along I', . —

Under the above notations, observe that for solving

Xouy — Au+ X ,Vu+Iu =h in Q
% =0 on I’ (2.3)
u(0, x) =up(x) in Q,



if we assume that for each ¢t > 0 we have u(t) € H'(2) and using the decomposition in
Proposition 22, we must have

u(t) = B(R(u(t))) + D(h(t)) in €.
Also the smooth matching across Iy, (LH), now reads

Ou  0Z(u) N 0D(h)
on,  On, on.,

on I, (2.4)

where n, denotes the outward unit normal to w along I',. Finally, note that for (IC4]) we
take h = f + X,g.

Therefore, in view of the properties of the operator A in Proposition 222 to solve (Z3])
we are lead to solve an evolution problem of the form

(032040

assumed, that h(t) € L?*(Q). Note that in ([ZH) we have reduced ([3) and ) to a
nonhomogeneous evolution problem in w with a well behaved operator A.
Also from Lemma 3.4 in [7], if h € L*(Q) then its decomposition in H~!(2) in Propo-

sition Z2is given by hy = h, + (%ﬁ?)\r € L*(w)+ HY?(T',) and hy = hg\z € L*(Q\w).

So, we have

Definition 2.3 Assume h(t) = hy(t) + ho(t) € H1(Q) is given a.e. t € (0,T), with h; €
H=Y(w) and hy € Hy'(Q\ ©). Then a solution of (1), is a function t — u(t) € H'(Q)
such that fort € (0,7T)

u(t) = B(u(t)) + D(ha(t)) € H(Q) (2.6)

and v(t) = Ru(t) € H'(w) satisfies

t
v(t) = e My +/ e A=, (s) ds (2.7)
0

t

where vy is given in w and e~ is the semigroup generated by —A.

Note that with this Definition, the mild solution of ([ZH) is explicitly given by (Z0)—(E)
and it is therefore unique.

Then in a similar fashion as in Theorem 1.1 in [7] (see also Theorem 4.9 in that
reference), we have the following result that states that the unique mild solution of ()
as in Definition 223 actually satisfies (Z3)).

Theorem 2.4 Assume h is given such that either
a) h € WH((0,T), L*(Q)) or
b) h e L*((0,T), L*(w)) = L*((0,T) x w) and h € WL((0,T), L*(Q\ @)).
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Assume also ug € H*(Q) satisfies
— Aug+ Aug = h(0)  in Q\ . (2.8)
Then the unique solution of (Z1), as in Definition[Z3, satisfies
u € C([0,T), H(Q)) N L*((0,T), H*(Q)), u, € L*((0,T) x w), u(0) = ug
and satisfies (Z3) in the sense that
X+ Lu)=h in H'Q), ae te(0,T).

In particular, u(t) satisfies (24) a.e. t € (0,T).

Also, as in Proposition 4.10 in [7], we get

Proposition 2.5 Assume, as above, that ug € HY(Q) satisfying (Z3) and h(t) € L*(Q)
a.e. t € (0,7T), are given.
i) If h € WHH((0,T), L*(Q)), then

t
IVa®) @ + [ Va®)?® + Alu®lie +2 [ [ uf = [Vuollfaq + [ Vil + Aol +

+2 < [ byt = [ h(0)uy - /Ot / htu). (2.9)

Therefore, the mapping (ug, h) — (u, uy) is Lipschitz from H*(Q)xWH1((0,T), L*(Q))
into C([0,T], HY(Q)) x L*((0,T) x w).
i) If h € L*((0,T) x w) and h € WH1((0,T), L*(Q\ ©)), then

t
IVl Fa@ + [ V() + Al e +2 [ [ uf = [Vuolfa + [ Vi + Muolae +

) </Ot/whut+/ﬂ\wh(t)u(t) —/Q\Dh(o)uo—/ot /Q\whtu) (2.10)

Therefore, the mapping (ug, hu, honz) — (u, ) is Lipschitz from H' () x L*((0,T') x
w) x WHL((0,7), L>(Q\ @)) into C([0,T], H'(2)) x L*((0,T) X w).

2.2  Well possedness of ([L2)
We consider the parabolic problem ([CZ), that is

—Au® + AP =f in €2
wd + 92 4 Vy(a)u® =g on T (2.11)
u®(0, x) =vo(x) onT

for which we adapt the results in [6]. Note that the setting for this problem is pretty much
in the spirit of the previous section, and therefore, we point out the main differences. The
reader is then referred to [6] for full details.



In this case we define the bilinear symmetric form in H*()

alp, ) = [ VeVo+ [ Vopo+x [ oo (2.12)

for every o, ¢ € H'().
Assuming
Voe LP(I'), p>N-—1.

then for sufficiently large A this bilinear form is coercive and hence an equivalent scalar
product in H'(2) and defines an isomorphism, Ly, between H'(Q) and its dual H ()
such that for every o, ¢ € H()

(Lo(e).0) ,, = [ Vovo+ [ Vaps+2 [ wo.

Definition 2.6 i) The set Zy(Q) is the orthogonal set to Hg () in H'(Q) with respect to
the scalar product (Z13). That is, u € Zy(Q) iff u € H*(Q) and

(Lo(w),0) | = /Qwvas + )\/ngb —0

for every ¢ € H}(Q), i.e. Lo(u)|Hé(Q) = 0. In particular —Au + Mu = 0 in the sense of
distributions in 2.

ii) For a given function u defined on T', we defined the “Zy(Q2) lifting” of u to Q, v =
Bo(u) € HY(Q), as the solution of

v =u onl

{ —Av+X =0 inS

i the sense that

/QVUV¢+A/QW;>=0

for every ¢ € HY(Q) and v satisfies the boundary data on T .

Then we have the following result, which is taken from Proposition 1.1 in [6] and is
similar to Proposition above. Note that here we denote by 7 the trace operator in T'.

Proposition 2.7 i) We have the orthogonal decomposition H*(Q2) = Zy(Q2) @ HL(Q) and
each u € H'(Q) can be split accordingly as u = uy + uy where u; = By(y(u)) € Zo(9),
uz = u — By(y(u)) € Hy(Q).

Moreover, By : HY?(T') + Zy(Q) is an isomorphism, whose inverse is given by the
operator 7.
i) Acting by restriction, we have the decomposition H™'(Q) = H~V*(T') @ Hy *().
iii) The operators

Lo = Lo | g0y Hy(Q) = Hy ' (Q)



and

Ay = LoBy : HY*(T') — H~Y4(I)

are isomorphisms.
Therefore, given h € H'(2), then u € H*(Q) satisfies Lo(u) = h iff u = uy + ug =
By(v(u)) 4 ug, as in i), with

v(u) = Ay (h),  us = Do(hs)

where Dy := Lg' and h = hy + hy as in i),
The isomorphism Ay = LoBy : HY?(T) — H~Y2(T") is given by

0B
AOILOBOZa—nO—i_‘/O[

and for every u,v € H?(I') one has

<A0(u), ’U>F

-1/2,1/2

:/QVBO(u)VBO(v)+/FV()UU+>\/QBO(U)BO(U)-D

With this, solving (ZI1J) is equivalent to solving

u’(t) = Bo(v(u(t)) + Do(f(?)) in {2
o+ aBOéZO(t)) LVl =g — w onT (2.13)
uO(O) = onI

assuming f(t) € L*(Q).
As proved in Lemma 1.1 in [, if b = fo + gr € H () in the sense that

(ho) = [ fo+ [ 90

for every ¢ € H'(Q), then the splitting » = h; + hy in Proposition BT is given by
hy=g— 8D+n(f) € H_%(F) and hy = f € Hy*(Q). Hence, we have

Definition 2.8 Assume h(t) = hy(t) + ho(t) € H () is given a.e. t € (0,T), with
hi(t) € H 3(T) and ho(t) € Hy'(Q). Then the solution of (ZI3) is a function t —
u®(t) € HY(Q) such that fort € (0,T)

w0(t) = Bo(v(t)) + Dol(ha(t)) € HY(Q) (2.14)

and v(t) = y(u®(t)) € Hz(T) satisfies

t
v(t) = e~y +/ e~ U=9)n, (5)ds (2.15)
0

Aot

where e~ %" is the semigroup generated by —Ag.
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Note that with this Definition, the mild solution of [ZI3) is explicitly given by (EI4)—
(ZI3) and it is therefore unique.

Now as in Corollary 3.3 in [6] we have the following result that states that the unique
mild solution of (ZZI3)) as in Definition Z§ actually satisfies (21T]).

Proposition 2.9 Assume h(t) = hy(t) + hao(t) € H71(Q) is given a.e. t € (0,T), with
hy € L*((0,T) xT') and hy € L*((0,T), Hy "(Q)). Assume also ug € H'(Q) is given.
Then u® given by (Z-14) and (ZI13), with vo = v(ug) satisfies

u’ € L*((0,7), H'(Q)), ~(u®); € L*((0,T) xT)

V(W) + Lo(u”) = h (2.16)

as an equality in H=1(Q), a.e. t € (0,T). In particular v(u°) € C([0,T], L*(T)).
Moreover, if hy € C([0,T), Hy*(Q)) and uy satisfies

in §, i.e. ugp = Bo(v(ug)) + Do(h2(0)), then
u’ € C([0,T), H (), u°(0) = u. (2.18)

In particular, the above applies if h(t) = fo(t) + gr(t), with f(t) € L*(Q) and
g(t) € HVAT) ae. t € (0,7), hy = g — 28 € L2((0,T) x T') and hy = f €
L2((0,T), Hy*(Q)). Finally (ZI8) holds provided f € C([0,T), Hy*(Q)) and (Z17).

3 Concentrating integrals

In this section we show several results that describe how different concentrated integrals
converge to surface integrals. Hereafter we denote by C' > 0 any positive constant such
that C is independent of € and ¢. This constant may change from line to line.

The following lemma is proved in [2] and basically states that concentrated functions
behave as traces.

Lemma 3.1 A) Assume that v € H*P(S)) with l < s and such that H*>?(Q2) C LY(T), i.e.

5 — N > — (Nq O=D orv e HYY(Q), de, s =1 —p and g = 1 below. Then for sufficiently
small €0, we have, for some positive constant C independent of ¢,

1
= [ 1ol < Cllolreney (3.1

and

q9 — q
tig = [ ol = [ Jol". (32)

11



B) Consider a family f. defined on w., such that for some 1 < r < oo and a positive
constant C' independent of ¢,

1
- |fa|r SO
€ Juwe

Then, for every sequence converging to zero (that we still denote ¢ — 0) there exists
a subsequence (that we still denote the same) and a function fo € L™(I') (or a bounded
Radon measure on T, fo € M(T') if r = 1) such that, for every s > % and H*?(Q) ¢ L™ ()
that 1s
N N -1
§—— > —
D r

(3.3)

/

we have that .
“Xofeo fo i HP(Q) ase =0

where X, 1s the characteristic function of the set w.. In particular, for any smooth
function @, defined in €2, we have

o1
hmi/ﬂwz/hw
e—0 ¢ Ju, I
Moreover, if u® — u® weakly in H*?(Q) or strongly in case of equal sign in [Z3), then

1
lim — feu® :/fouo.
We I

e—0 ¢

In particular, assume p € H7P(Q) with % < o, and denote @q the trace of ¢ on T.
Then

1 ,
EX%‘P — @y i HP(Q) ase -0 (3.4)
for any s,p such that % < s and
N N
(s — ;)_ + (0 — ;)_ > —N + 1, (3.5)

where x_ denotes the negative part of x. Finally if o € C(Q), [5A) holds for any s — % >
~N+1g

Also the following particular case will be used further below.

Corollary 3.2 Assume
g7y < C.

Then, by taking subsequences if necessary, there exists ug € H'(Q) such that, as e — 0,

1
us — ug  weakly in H*(Q), ngsué — ugr  weakly in H'(Q)

1
lim—/ uaz:/u 2,
tim = [ = [ ol

12
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Proof From part A) in Lemma Bl we have

1
~ [ 1l < Ol < C.

Hence there exists ug € H'(2) such that, as ¢ — 0, u§ — g weakly in H'(Q) and by
part B) in Lemma B, there exists vy € L*(T') such that $X,, u§ — vy in H~(Q).
Since (B3)) is satisfied with s = 1 p = r = 2, again part B) in Lemma Bl implies that

: 1 €12
ll_r)%g /ws lugl” = /Fuovo.
Therefore it remains to prove that vg = wugp. For this note that if ¢ € H 1(Q) we have,

by (B4, ,
O = ngsgo — @ in H(Q).

(uf, pe) = é/w (%

and the left hand side converges to

<U07900> Z/FU(W

while the right hand side converges to

(5) o

Then

Hence, vy = ugp as claimed.

Lemma Bl can now be extended to handle concentrating integrals including a time
dependence.
Lemma 3.3 A) Consider v € L"((0,T), H*?(Q2)) with 1 < r < oo, % < s and H?(Q2) C

LUT), that is, s — & > — (8=,
Then,

T 1
/(—/ <C/|w
0 9

: T/q T r/q ,

ll_rﬁl) ( / o] ) / (/F ‘U|q) = ||UHLT'((0,T),Lq(r))- (3.7)

B) Consider a family g. defined on (0,T) X we, such that for some 1 < q < oo,
1 <r < oo and a positive constant C' independent of ¢,

[ zs0) @t = [[0[|Lr 0,1, Hor (02)) (3.6)

and

AT(élkmAudofﬁdt§C7 (3.9)
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or | supgen. |g-(t, 2)|7dt < C for the case r = cc.

Then, for every s,p satisfying (Z3), and for every sequence converging to zero (that
we still denote € — 0) there exists a subsequence (that we still denote the same) and a
function g € L1((0,T),L"(T")) (or a bounded Radon measure on I',g € LI((0,T), M(I"))
if r = 1) such that

1 /
gstgg —g i LY(0,T), H*"(Q)), weakly as € — 0, (3.9)

where X, is the characteristic function of the set we. In particular, for any smooth
function @, defined in [0,T] x Q, we have

1 /T T
lim—/ / gep :/ /gap. (310)
e=0e Jo Juw. 0o Jr

Also, if u® — u® strongly in L7 ((0,T), H>*(Q2)) then

1 T T
lim—/ g=u’ :/ /guo. (3.11)
e=0e Jo Jwe 0 JT

C) Consider a family g. defined on (0,T) Xwe, and assume that for some 1 < r,q < 00,
there exist h € L4(0,T), and g € LY((0,T), L"(")) such that

1 L
(g l9:(8,)")" < h(t), ae. te[0,T] (3.12)
1 /
ngsge(t, ) —g(t,) in H 57 (Q) a.e. te(0,7T) (3.13)
with s, p satisfying (3). Then
1 /
SXage g i L0 1), H (@) 314

In particular, if ¢ € L((0,T), H?*(QY)), with o > 71)’ we consider o (t) = 1 X, (1)
and po(t) = @|r(t). Then

1 /
ngsgp — o in LY((0,T7), H*?(Q)) ase — 0 (3.15)

for o,p,s,p as in (33A). If ¢ € C([0,T] x Q), (ZI3) holds for any ¢ > 1 and s > % with
5 — % >—-N+1.

Proof A) Observe that (Bl) gives (B6) right away. Now, we note that for fixed ¢ € [0, 77,
from ([B2) we get

1 r/q . 1
(2 [ 1)) < Cllott Moy and Tm= [ ot )l = [ ot )1

€ Jwe
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Then, applying Lebesgue’s dominated convergence theorem, we obtain (B1).
B) Define, for s, p satisfying (B3), the linear forms

1 /T
L) =< [ [ av

on L7 ((0,T), H*?(2)). By Holder’s inequality we get

L= [ G L) G 1er)7 <
<[ CLuwn) L G e

Hence using (BX) and [B0), we get

L@l s [ G [ 1677 < Clellaom oy (3.16)

Hence L, is a bounded family in the dual space of LZ((0,T), H*?(f2)). Therefore, by the
Banach-Alaouglu-Bourbaki theorem, and taking subsequences if necessary, we have that

there exists Lo € [L7((0,T), H*?(2))] == L((0,T), H=*7(2)) such that

L(¢) — Lolp),  forall ¢ € L7((0,T), H*"(Q))

as € — 0 and the limit is uniform for ¢ in compact sets of L7 ((0,T), H*P(f2)).
In particular, from the first inequality in (BI6) and ), we get

Lo(@)] < Cllell v ooy for every o € LT((0,T), H**(Q2)).

Now taking into account that if X C Y is dense, then L? ((0, T), X) is dense in L7 ((0,T),Y)
and since traces of H*P(€2) are dense in L™ (T"), we get

LY((0,T), H*?(Q)) is dense in L7 ((0,T), L™ (I)).

Thus, Lo € (L7 ((0,T), L™ (T)))" and there exist g € L4((0,T), L"(T")) such that Ly = g,

le.
T
— [ [a¢
o Jr
which proves (B3), (B10) and BII).
C) First, we note that from (BI2) together with ([BI) we have that

2 L[ LIaorT 2 ler] < cnone

H7(Q)

that is
= Xwgga( M g-s0 @) < Ch(2).

15



Next, taking into account (BI3]) we can apply Lebesgue’s dominated convergence theorem

to get (BI4).

In particular, if ¢ € L((0,7), H>*(12)), with o > %, we consider g.(t) = %stw(t)
and ¢o(t) = p|r(t). Then, by B, we have for a.e. t € (0,7

1/

e . el W) < Cllt Mo = h(t) € L0, T)

and by (B3,
1 /
liI% gé\fwggp(t) — po(t) in H*P(Q)ase —0

for o, p, s,p as in (EH). Then (EIZ) and ([EIJ) are satisfied.
If o € C(]0,T] x Q), denote h(t) = sup,cqle(t, z)|. Then for any 1 < r, ¢ < oo, taking
into account that |w.| < Ce for some C' > 0, we obtain

(2 [ lettordn)” < chit) € 170.7),

Also, for fixed t € [0, 7], by [B4) we have

1 )
EXwEQO(t, ) - SOO(t> ')7 as € — 07 in H™°P (Q)

for any s,p with s > % and s — % > —N + 1. Then, we can choose r > 1 such that

N N-1 : :
s—4 > and then (BI2) and ([BI3) are satisfied again. g

7,,/

Remark 3.4 The results in parts, B) and C) of LemmalZ3 also hold with minor changes
when either r = 1 or ¢ = 1. Since in the proof above LY and L™ appear, in such a case

some spaces of measures enter in the result. Also, when, p € C([0,T] x Q) it can be
actually shown that (Z13) holds for r = oco.
For the sake of simplicity in the exposition we have not included these cases.

Now we prove the following result that will be used below in the analysis of (IL1I) and
([C2). Note that the assumption on the potentials below is, not only uniform in e, but
more restrictive in p than the one needed for fixed ¢, as in (232)).

Lemma 3.5 Assume that the potentials V. satisfy

1
. |[Vo|P < C, withp> N —1

and assume, that after taking some subsequence, if necessary, we have

1
lim — V5g0:/FVgo

e—=0¢ Jo,

16



for any smooth function o defined in Q and for some function V € LP(T); see Lemma
[Z1, part B). Then

i) There exists some g > 0, independent of € > 0, such that for A > X\g > 0 the elliptic
operator, associated to the pambolic problems (L) and (Z3), are positive.

it) If s is such that 1 + =1 < s <1 and
uf — u® weakly in L*((0,T), H*(Q)),

then for any function ¢ € L*((0,T), H*(Q)) we have
1 /7T T
Sl Lo ) e
£ Jo We 0 r
Proof:

i) We will prove there exists \g such that the bilinear forms in H'(Q)

&=y [ Vovera[oe+t [ Vi
and ]
a0(6,6) = 5 [ Vove+a [ o6+ [ Ve

are uniformly coercive for A > ).
For this, note that for every ¢ € H*(2) and for the negative parts (V.)_ we have the

bound
R Ry R

Now, since p > N — 1, there exists N2—_p1 + 1 <'s < 1such that H*(Q) C L*'(I) and

from Lemma Bl and interpolation, we have that

1 5)
= [ (V19 < Cllgley < Cllolz o915 -

Finally using Young’s inequality, we get for any o > 0

1
= [ o168 < 816l + Calléliaqay

Hence, we can take ¢ small enough and A large enough such that
ac(¢, ) > C|o]| 71 gy with C = C(X) > 0 independent of e.
A similar argument using that V' € LP(I") and p > N —1 gives the result for the bilinear

form ag. Notice that in this case we have an estimate completely similar to (BI1), now
with boundary integrals.

17



ii) First, for s > %, o > % and (s — %)_—l—(a— %)_ > —

P.: H*?(Q) —, H=79(Q) for 0 < e < g by

1
<Pu)p>== [ Vo, < PBfw,p>= [ Vup
£ T

We

NPTI, we define the operators,

Then from Lemma 2.5 in [2] we get P. — Fy in £(X,Y) with X = H*P(Q) and Y =
H™1(Q2)).

Now we consider 0 = s, p = ¢ = 2 and so X = H*(Q) and Y = H5(Q). This
choice is possible provided 2(s — % _ > —Np_,l, which leads to the lower bound on s in
the statement. Note that this lower bound is compatible with s <1 because p > N — 1.

Then, by Lemma B below, we have that P.u® — Pyu® weakly in L?((0,7),Y). In

particular for any function ¢ € L*((0,7),Y") = L*((0,T), H*(£2)) we have
1 /T T
Sl Lovase = [ fvite
£ J0 We 0 r

Now we prove the result used above.

and we conclude.

Lemma 3.6 Assume XandY are reflexive Banach spaces and P. — Py in L(X,Y).
Then, if u¢ — u® weakly in L*((0,T),X), then

P — Pyu® weakly in L*((0,7T),Y).
Proof First note that if [ [|[u®(¢)|% = [uf]1 22 0.1),x) < C' then
T
| Pew = Pou®|| 22 o1y, < /0 1P = Poll 2 s (W) [[3cdt < Cl|Pe=Pol|Zx,yy — 0 as e — 0.

Now assume u® — u” weakly in L*((0,7), X), and take ¢ € L*((0,7),Y”), then

T
‘/ < Pt ¢ >yyr — < P, ¢ >yyr | <
0
T
< ‘/ < Puf, ¢ >yy + < Pout, ¢ >yyr — < Py, ¢ >yyr | < (1) + (2)
0
where .
(1) = ‘ /0 < Peue, qf) >yy! —Poue, ¢ >yy!
and

T
(2) = }/0 < P0u€7¢ >Y,Y’ — < P0U0,¢ >Y7Y/ :

Thus, we obtain

T T
<] [ < Pt = Pt 6 >y | < [ 1P = Py ol

18



and we get (1) — 0 as ¢ — 0. Moreover, we have that

T T
2) < ’/0 <P0(UE—UO),¢>y7y/ = ’/0 <U€—UO,PS<¢ >X, X'

with Pj¢ € L*((0,7),X’). Then using u® — u® weakly in L%((0,7),X) we get also
(2) = 0ase—0p

We also have the following result.

Lemma 3.7 We consider a family functions u® : [0,T] — H'(Q) such that for some
positive constant C' independent of € and t, we have

st ) gy < €, t€[0,T] (3.18)

and uf € L*((0,T) x w.) with
1 /T
—/’/IwF<C (3.19)
g Jo We

Then, there exists a subsequence (that we still denote the same) and a function u® €
L((0,7), H'()) with u} € H'((0,T), L*(T)) such that as ¢ — 0,

ut —u’ w—x in L>((0,T), H(Q))

and ]
ngsuE —ufp i H'((0,T), H ().

In particular, for every ¢ € L*((0,T), H(Q)) we have

T
I // ://0, 3.20
B o o¥? (3:20)
;%g/lLuw [ [t (3.21)
1

—X,u" —uyp i C([0,T], H(Q)) ife =0 (3.22)

€
1 (T
lim = / |? = / / )2,
e—=0¢ Jo
Proof: We prove this result in several steps.

Step 1. First, since v € L°°((0,T), H(R)) is bounded, by taking subsequences if
necessary, we can assume that it converges weak* in L>((0,T), H'(Q)) to u°; that is

(uf,0) > (u’,0) ife—0 VYpeL'(0,T), H Q).

Step 2. From (BI8) and B8), with s =1, p =2, ¢ = r = 2, we have

LT €12 r €112
L [ e <o

19
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This and (BI9) implies, using Part B) in Lemma B3 (with q =2 =r), that W& = 1, v*
is uniformly bounded in H'((0,7T), H~'(Q2)) € C([0,T], H*()).
Therefore, by taking subsequences again, if necessary, we can assume that

We — W°  weakly in H'((0,T), H1(Q)).
At the same time from Part B) in Lemma B3| (with ¢ = 2 = r), we get that
W° e H'((0,T), L*(T)).

Step 3. We will prove now, W° = uf. and then we get (20) and (B2).
For this, consider ¢ € L*((0,T), H'(Q)) and then BIH) gives

1
pe=—Xop = po=y¢r in LYN(0,T), H(Q)) ase—0

and then from Step 1 Lo
<u5,g05> = g/o /ws up = <W€,g0>.

Then the left hand side converges to

)= [ [

while the right hand side converges to
<W0, g0>.

Hence, W = uf. as claimed.
Step 4. Now we prove (B222) and for this we use Ascoli-Arzela’s Theorem. First, we note
that W¢ is uniformly bounded in L?((0,7"), H*(2)) and then W¢(t,-) is equicontinuous
in H71(Q),t € (0,T). Second, we will prove that W¢(¢, ) is uniformly bounded in X =
H=#(Q) for some s < 1. Since X C H~!(Q) is compact, we conclude the proof.

In effect take r>2 such that H'(Q) ¢ L"(I') and s < 1 such that H*(Q) c L™ (I),

\1/
€ Jwe
That is, ||We(t,-)||x < C and we conclude.

The last property in the statement follows from the weak convergence of u* and the
strong convergence of %stu? 0

L
/ w2 [ Il <l

We will finally make use of the following

20



Lemma 3.8 Assume the family of potentials V. is as in Lemma [ZA but with
p>2(N—1). (3.23)

Also, assume uf is as in Lemma 3}, that is, satisfies (Z18) and (ZI9), and let u® be as
in the conclusion of Lemma[ﬂ

Then if s is such that —I— L <5< 1, we have
1 . . s
ngsVau — Vu?F strongly in L*((0,T), H*(2)) (3.24)
and

1 /T T
_/ / V*E|ue|2 _)/ /V‘UOP
g Jo we 0 r

Proof Observe that once ([B24) is proved, we have

1 [T T
—/ / Vo|uf|? = / / Vou® u Vulr, :/ /V|u0|2
€ Jo We 0 r

and we conclude.
Now, to prove (B24) we use Ascoli-Arzela’s Theorem like in the Lemma B.._'_Zl For this,
denote W¢ = 1 X, V.u®. Since from BZJ), p > N — 1, then for any § + 51 < s <1 we

have H*(Q) c L*'(T") and

1 1= L 15
Gy o) < [2 [ ][5 [ 1wl )7 [ [ 1eP)” < Ol el

Therefore, from [BI8), W*¢ is uniformly bounded in L>((0,7"), H™*(f2)).
Now observe that from ([BIJ) we have that W7 = 1X,, V.u§ satisfies

Gravago) <[ [ ]2 [ 1l [ wer] <oz [ e[ [ el
with%—l—%ﬂL%zli.e. r:p—_”Q.
Now, from B23), i.e. p > 2(N — 1) for any s such that $ + =1 < s < 1 we have that

H*(Q) C L7 (I') and then have that, integrating in time in the 1nequahty above

[ Crvase) <o [T [ PP G L en) T <l [ e

HS(Q)} :

where we have used (BI9) and (BJ]) in Lemma Bl

Hence, W7 = 1X, V.u$ is uniformly bounded in L2((0,T), H=*()). In particular,IV*
is uniformly bounded in H'((0,T), H*(Q)) C C([0,T], H*(Q2)) and W¢ is equicontinu-
ous with values in Y = H~5(Q).

Now we will prove that We(¢, -) is uniformly bounded in Y = H~*"(2) for some s* < s.
Since Y = H™*(Q) € Y = H%(Q) is compact, we conclude the proof.

In effect,we note that if s satisfies % N-1

T+ N2—_p1 < st < g+ % <s<l,ie H(Q)C L%(F) = L?*'(T') and by the first part
of the proof we conclude. p.
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4 Singular limit as ¢ — 0

We analyze the limit of the solutions of the parabolic problems ([[1I), with 0 < & < «y.

For this we will assume that the data of the problem satisfy

1
g/ |‘/€‘p§07 p>N—17

1
ui € H'(Q) and E/w W2 < C

2 1 r 2
fo € (0.7), H7(@). and [ £l < C

and for some r > max {1, W}

/OTG/W Igal’")% <C

for some constant C' independent of e.

(4.4)

Then, by Lemma Bl and B3, by taking subsequences if necessary, we can assume
that there exists functions V' € LA(T'), vy € L*(T), f € L*((0,T),H *(Q)) and g €

L*((0,T), L"(T)) such that, as € — 0

1 : N N-1

—X,. Vo — V weakly in H™%"(Q) with § — — > ————,

€ D P

1 , N N-1

- X, ug — v weakly in H™ %P (Q) with s — — > ————

15 P 2

fe — [ weakly in L*((0,T), H'(Q))

1 : N  N-1
~X,.g- — g weakly in L*((0,T), H*"(Q)) with s — — > ———.
£ P r

In particular, we have that

1 € : -1
- X, ug — v weakly in H™(Q)
€

and since r > 2(N—N_1), from (LX) with p =2 and s =1,

1
~X..9- — g weakly in L*((0,T), H™}()).

We consider also a “generalized weak solution” solution of ([L2) defined by:
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Definition 4.1 A function u° € L*((0,T), H'()) is a “generalized weak solution” of

(L32) if it satisfies
— Au’ + 2 = f(t), ae. t€(0,7) (4.9)

in the sense of distributions in Q0 and for any function ® € HY(Q)

%(/Fu%) —|—/QVu0V<I>+>\/Qu0<I>+/FVu0<I>:/Qf@—i—/rgéb, in D'(0,T) (4.10)

and

/uo(t)é[) — / vo® ast — 0. (4.11)
r r
Then we have

Proposition 4.2 Under the above notations, assume (.3), -4), @4) and {-3) and
consider u® the solutions of (L) as in Definition [ZZ3. Moreover assume A > Ao as in
Lemma [Z3.

Then there exists a subsequence (denoted the same) and a function u® € L*((0,T), H'(Q))

such that as € — 0,
uf — u® weakly in L*((0,T), H'(Q))

and
1
gé\fwgua — u?r in L*((0,T), H*(Q)) weakly ,

1
ngsveug — Vaufp in L*((0,T), H1(Q)) weakly.

In particular, for any ¢ € L*((0,T), H(Q))
1 /T T
S Lo )y fete
eJo Ju. o Jr
1 /T T
—/ / Vgua<p—>/ /Vuow.
g Jo We 0 r

Moreover, u° is a “generalized weak solution” of (ILQ), in the sense of Definition [.1)
with initial data vy € L*(T), potential V. € LP(T') and nonhomogeneous terms f €
L*((0,7), H™1(2)) and g € L*((0,T), L"(T)).

Proof We proceed in several steps.
Step 1. Uniform bounds for u°.

By considering first smooth data, multiplying the equation by u® in L?(Q), and then
by a density argument, we get

1d/1 9 9 / 9 1/ 9 / 1/
LN : 2y Vit = | fut - [ gt (412
2dt(€/wg|u|)+/Q|Vu|+>\ R AT S ANy AT CRE)

Now from Lemma
£ £ £ 1 £
Cllu Oy < [ IV [ P+ < [ Vel
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for some C' > 0 independent of €.
Next, applying Young’s inequality, we obtain, for any § > 0,

1

|/Qf€u€\ < ||u€||H1(Q)||szH*1(Q) < 5||U€||§11(Q) + @er”?fl(g)
1 1 % %
2ol < G [ 1al) G [ 1wel)” < el (S [ 1or) <
€ Jwe € Jwe
C 1 2
Now, taking ¢ enough small and integrating (ﬂ:[?]) in t € (0,7) and using (EZ), E3J),
(), we obtain that for 0 <t < T,

1 2 ! 2 1 2 1 ! 2
[ @P O [ s < 2 [ il 5 It
C 1 2
— | = rdt < C.
+26/0 5/% 19e]7dt <

T 1
/ | ()2 dt < C and  sup —/ (12 < C. (4.13)
0 We

telo,T] €

< Ol |30y +

Then, we have that

Step 2. Passing to the limit.

From ([I3) and Lemma B3 part B) with ¢ = r = 2, by taking subsequences if
necessary, there exists a subsequence which converges weakly to u° in L?((0,7T), H*(Q))
and there exists w € L?((0,T), L*(T)) = L?((0,T) x I') such that

1
“X, v —w in L2((0,T), H*(Q)) weakly as ¢ — 0. (4.14)
€

Now, we prove that w = u[p.. For this, note that for every ¢ € L*((0,T), H'(Q))

<Xw5us0 //uso X<p>,

Then, using (BIH) and by taking another subsequence if is necessary, we obtain that

<w’90>:§£n< Ko, 90>_l1£%< iXWs‘P>— 790|r //uso

Thus w = ujp.

Step 3. Next, we prove that u° satisfies the problem with dynamic boundary condi-
tions ([LZ) in the sense of Definition ETl

In effect, multiplying the equation from ([L1]) by any smooth function ¢(t, x) we obtain

1 T T 1 T T 1 /T
<_stu§a 90> +/ / VUEVSO + )\/ / uEQO + - / / V:;UEQO = / / fESO + - / g:@
g 0 Q 0 Q g Jo wWe 0 Q g Jo We
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Now, assume ¢(7T") = 0, using Fubbini Theorem and integrating by parts, we manip-
ulate the term, <%stu§, g0> to get

_é/oT/wsugpt—é/ +//VUEV¢+A//u¢+
= //WEVUSO //fe%O //gaso. (4.15)

Next, using (1) where w = uf. and applying EI0) from Lemma part B) with
q=r =2, we have, as ¢ — 0,

1 T _ T o 1 T T
[ [ e S [ ae— [ [
g Jo We 0 r g Jo We 0 r

1 /T T

—/ / Vauag0—>/ /Vuogo.

g Jo wWe 0 r

Thus, taking limit as e goes to zero in ([LIH), we get

—/Fvogo((),-)—/()T/Fuogot+/0T[/QVuOVgojL)\/QuOgo}
+/0T/PVu0g0:/OT/thp+/OT/FQ<P- (4.16)

Next, we prove that u° is a “generalized weak solution” of (ILT]) in the sense of Definition

BT
I) First, we consider ¢(t,x) = ¥(t)¢(z) with ¢ € D(0,T) such that ¢(T") = (0) = 0,
and ¢ € H}(Q). Thus, from [EIH) we get

ATw(t)[Avu°v¢+AAu°¢—Af¢] —0.

Since this is for all such ¥ (t), we get, for all ¢ € H}(Q),

and

/QVUOVQS—l—A/Qquﬁ:/qub, ace. t € [0,7].

Therefore the limit function satisfies (EL9).
IT) We consider now ¢(t, x) = ¥(t)¢(z) with ¢ € D(0,T') such that ¢(T") = (0) = 0,
and ¢ € H'(Q). From (fETH) we obtain that

_/0T¢/(t)/ruo(t)¢+/OTw(t)(/QVuOWéJrAuo(t)¢)
+/0Tw(t)(/FVu°¢) z/()Tw(t)Af¢+/()T¢(t)/Fg¢_
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Now, taking into account that

(S [090).000) = [ w(0) [t

we get (EEI), in the sense of distributions.

Finally we prove ([ETT)). From {Id) and u® € L((0,7T), HY()) we get %(fp uogb) €
L*(0,7T) and [pu’p € H'(0,T) C C[0,T] for any ¢ € H'(Q).

Using again [18) with o(t, 2) = ¢ (t)¢(z) and ¢ (T') = 0 and denoting A = lim, ¢ J u°(t)¢,
we obtain that

~0(0) [wo— [ v0) [wPo+ [ wo)( [ aVo+a [ o)

ATw“XAV“%”:AT¢@XLf¢+[f¢@XAQ¢ (4.17)

On the other hand, integrating by parts we get

T T d
— [ v [uo = [TwmS( [uls) +vio)a
Using this and (1) in ([EI7) we have that

A=1lim [ ()¢ = /Fvogb

t—0 J1

and we conclude.;

Remark 4.3 Observe that as we assume (7.3), (£.8), (Z-4) and {Z-8) in Proposition[f.3,
from any subsequence in u® there is another subsequence that converges to some u®, which
is a generalized weak solution of (LA), in the sense of Definition [[_1] with the same data
vo € L3(T"), V e LA(T"), f € L*((0,T), H X)) and g € L*((0,T), L"(T")).
In particular, if there is just one such solution, all the family u¢ would converge to u®.
This uniqueness result would be guaranteed below under stronger assumptions on the
data.

In fact, we have

Lemma 4.4 Assume u° is a “generalized weak solution” of (IA), in the sense of Defi-

nition 1] with initial data vy € L*(T), potential V' € LP(T') and nonhomogeneous terms
f e LY(0,T), L*)) and g € L*((0,T), H~Y*(T')). Assume moreover that

y(u?) € C([0,T], H2(I)).

Then u® is the unique solution of (LA) in the sense of Definition [Z3.
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Proof Recall that if h = fo+gr € H'(Q) and f € L*(Q), then h; = g— aDO(f e H3(T)
and hy = f € Hy ' (Q); see right above Definition EZ8
Since u° is a “generalized weak solution” of (L), in the sense of Definition Bl then
(E3) holds which implies (ZI4).
Using this and taking in (EI0) a test function ® € H(Q), and using the results in
Proposition B7, we get that v(t) = v(u°(t)) € Hz(I") satisfies
d B D (f(t) &
E(/Fv(t)Q)Jr < v(t), Ag® >=< g = I @ =< (1), @ >
Now, according to [3], taking X = H~Y/2(T'), as soon as hy € L'((0,T),X), if v €
C([0,T],X), v(0) = uy and for every ® € H'(Q), < v(t),® > is absolutely continuous
and

d
o< v(t),® >+ <v(t), Ag® >=< hi(t),® >, ae te(0,7T)

where < -,- > denotes de pairing between X and its dual X’ = H'/?(T'), then v is given
by (TI5). In such a case u” is the unique solution of (EI:?]) in the sense of Definition 22§

Note that by the assumptions we have both h; = M e L'((0,T), HY2(TI))
and v = v(u) € C([0,T], HY*(I)). g

Now we impose stronger assumptions than (1) (E-4) on the data and obtain stronger
convergence of solutions than in Proposition 21 We also will obtain that all the family u®
converges as in Remark EE3. More precisely, we assume now the initial conditions satisfy
that

||U8||%11(Q) <, (4.18)
and also the compatibility conditions on the initial data, ([ZX) with h = f. + é?('egs, ie.
— Aug + Auf = f-(0) in Q \ @.. (4.19)
We also assume
foe H'Y((0,7), L2(Q)), and || fe]| w1 (om) 120 < C (4.20)

and
1 /T
_/ / 6.2 < C (4.21)
£ J0 We

where C' is a positive constant independent of ¢.
Finally, we assume (B]) and that A > )¢, as in Lemma
Hence using that (8]) in Lemma Bl we have that 1 [, |uf|* < C [ug |31y and there-

fore (1Y), E20) and ZT) imply 2), @3) and @) respectively (with » = 2 in the

latter case).
Then by taking subsequences if necessary, we can assume ([3), ([£6), (1) and [EF).
Moreover from Corollary we have that in this case

1
u§ — ug weakly in H'(Q) and gé\faug — u°|p weakly in H™1(€). (4.22)
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In particular vy = u°|r in (5.
Also, in () we have f € H'((0,T),L*(Q)) and

f- — f weakly in H*((0,7T), L*(Q2)) (4.23)

while in X)), with 7 = r' = 2, we have g € L?((0,T), L*(2)).
Finally, we have ([LH) with V € LP(Q), p > N — 1.
Then we first make the following remark.

Lemma 4.5 Under the above assumptions,
— Auf + M) = f(0) inQ (4.24)
s satisfied.
Proof We first show that
f:(0) — f(0) in H°(Q2), 0<s<1

and for this we use Ascoli-Arzela’s Theorem. Observe that from ([20) we have that (f.),
is uniformly bounded in L?((0,7), H~%(Q)) for 0 < s < 1 and then f. is equicontinuous
in H75(Q), t € (0,7). Second, from [Z), we have that f. € H'((0,7), L*(Q)) C
C([0,T], L*(£2)) and therefore

sup [1£:(6)| o) < C.
0<t<T

Hence f.(t,-) is uniformly bounded in L?*().

Finally, since L?(Q2) C H*(Q) is compact, we conclude that f. — fin C([0,T], H*(2)),
and the convergence of f.(0) follows.

Now to prove ([E24]) we consider ¢ € D(2) and enough small £ such that supp(¢) C

Q\ w.. Thus, from [ETY) we have

/Qvugvgpm/ﬂugso:/ﬂfa(mw

and taking the limit ¢ — 0, using u§ — u) weakly in H'(Q2) and the convergence of f.(0),

we obtain that
/Vu8V<p+)\/ u8<p:/f(0)go
Q 0 0

and we conclude.
Hence, we have the following
Theorem 4.6 Under the above notations, assume ({7.18),{7.19), {7.20) and {7.21). More-

over assume X > \g as in Lemma [T
By taking subsequences if necessary, we can assume the data satisfies {-3), #-0),

@) and [Z.8) and moreover {-23), #.23).
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Finally consider u® the solutions of (L) as in Definition [Z3.

Then, u® (and not only a subsequence) converges as in Proposition [[.4 to a function
u® which is the unique solution of [LA) in the sense of Definition 2.

Also, u® converges to u°, weak* in L>((0,T), H'(?)) and ujr € H'((0,T), L*(T")) and

1
€ 0
ngsu — Ujp

weakly in H*((0,T), H Y(Q)) and strongly in C(([0,T], H *(Q)).
If additionally p > 2(N — 1) then u® converges to u® also in L*((0,T), H(Q)).

Proof We proceed in several steps.
Step 1. Uniform bounds on w®.

We note that we are under the assumptions of Theorem 24 and Proposition 223 and
from [ZI0) with h = f. + X, g., we have

2 t
[ [ e [ [ Ve =
g Jo We
t
= [ 19?43 [ Jul?+ - /xnoﬁ L//gwﬁ

w2 [ i [ rowo- [ rows= [ ge) @)
Now, (f.): € L*((0,T), L2(Q)) and integrating by parts we obtain

[ ] gai==[ [ e+ [z - [ o

Hence, using Lemma B3 from ([27]) we have

2 [t 5
E/o/w |U§|2—|—C||u5(t)||?q1(ﬂ)SCHuSH%l(Q)_}_g/O /w g+

vo( [ e - [ £ - [ [ () (4.20)

Next, applying Young’s inequality we get that

1 rt . 1 7/t 1 rt .
}—/ / geuy| < / |ga|2+5_/ / |ut|2
£ J0 Jwe 0 Jwe € J0 Jwe

for any 6 > 0. Using now

[ 0w — [ 10| <

and applying again the Young inequality we get

[ f0u) - [ 00| <

O 2 v ()|l 2 + lugl L2 | f(0) || 22(0)

e 1 . 1
O ) + 5||fa(t)||2Lz(Q) + 0]|ugll 7oy + g||fa(0)||2L2(Q)
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and working as above

3 1 t
[ A [CAR S

Using these inequalities, from (26) we have that

2(1 — 0)
e

2 2 ! €12 2t 2 2 ¢ 2
+ IOy +25 [ 0oy + 5 [ NG+ 5= [ [ o @20

Now from [20), and denoting y(T') = supo<,<7 [|u° ()] 51 (q) we get

t
/0 i+ (€ = 20) [ (Dl < (€ +20) 145171 + IIfs( Mz +

¢ 1 rt 1
€1]2 2
5 [ Nl +5 [ 1)l < Top(T) + 5C.
Also from [20), we have that f. € H*((0,T), L*(R2)) C C([0,T], L*()) and therefore
sup 1702y < C.
0<t<T

Thus, from [Z17) and using also [@Z]) we obtain

2(1—6)
g

[ i+ (e~ 25+ 1y <

Finally, taking 0 < min{1, 57— 5 L 7 } we conclude that

1 /T .
sup [[u(!) ey <€, and - [* [ it <c (4.28)

0<t<T

Step 2. Passing to the limit.

First, note that we are under the assumptions of Proposition EE2. Hence from any
subsequence in u° there exists a subsequence (that we denote the same) that converges
to some u® as in Proposition EZA

Next, from ({28) we can apply Lemma B7 and then we can assume that «® also con-
verges to u’ weak* in L((0,T), H'(R2)), u® in L>=((0,T), H'(), ujr € H'((0,T), L*(T"))
and ]

ngsue — u?r in H'((0,7), H*(Q)) c C([0,T], H1()).

But then such « is in the situation of LemmaB4 and it is therefore the unique solution
of (L2) in the sense of Definition Z8. As a consequence, all the family u® converges to u°
as in above; see Remark
Step 3. To conclude we prove the convergence in L?((0,T), H*(€)) provided p > 2(N—1).
For this, since we have weak convergence it is enough to prove convergence of the norm,

that is, [[u®|| 220, m1)) = [0l L2 (o), 11 (@)) as € — 0.
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Integrating in ¢ € (0,7") the expression (EIZ), we obtain that

e s [ v e L[ e st [

where E(u®) = [ |[Vu|* + A [ [uf]?.
Now observe that from Corollary we have

1 €12 2

= M AT
L @y [ e
€ Jwe r

For this last statement, observe that, from 2§, ||u(T )||§{1(Q) < C, while the conver-
gence in Step 2, he have

while

1
ngsus(T) — u?F(T) strongly in H™*(Q).

Hence, the arguments in Corollary conclude.
Next,with p > 2(N — 1) from Lemma B8 we get (B24]) and

1 /T T
S L e
eJo Ju. o Jr

Therefore, passing to the limit in the energy equality above, we obtain that

/|u |2+11m(/0TE(uE(s))ds) +/0T/FV|uO|2 = %/F|uo|2+/0T/qu0+/0T/{guo>.
4.29

On the other hand, multiplying (CZ) by «° in L*(2) and integrating by parts, we get

2 4 E(u /Voz / 0 / 0
2dt/‘u + lu fu—i—rgu

with E(u®) = [, |Vu®]® + X [o |u®|?>. Integrating in ¢t € (0,7") the expression above, we
obtain that

%/F|UO(T)|2+/OTE(u0)+/OT/FV|u0|2:%/F|uo|2+/0T/qu0+/oT/Fgu0.

and comparing with ([29) we conclude that
T T
/ E(u(s))ds = lim [ E(u(s))ds
0 e=0.Jo

and we get that u® converges to u” in L*((0,7), HY(Q)).g
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